Synthetic nanomotors powered by chemical reactions have potential uses as cargo transport vehicles in both in vivo and in vitro applications. In many situations, motors will have to operate in out-of-equilibrium complex chemically reacting media, which supply fuel to the motors and remove the products they produce. Using molecular simulation and mean-field theory, this paper describes some of the new features that arise when a chemically powered nanomotor, operating through a diffusiophoretic mechanism, moves in an environment that supports an oscillatory chemical reaction network. It is shown how oscillations in the concentrations in chemical species in the environment give rise to oscillatory motor dynamics. More importantly, since the catalytic reactions on the motor that are responsible for its propulsion couple to the bulk phase reaction network, the motor can change its local environment. This process can give rise to distinctive spatiotemporal structures in reaction-diffusion media that occur as a result of active motor motion. Such locally induced nonequilibrium structure will play an important role in applications that involve motor dynamics in complex chemical media. C 2015 AIP Publishing LLC.
I. INTRODUCTION
Biological systems make use of tiny molecular machines to perform transport and other tasks within the cell. These machines draw energy from their local surroundings, usually from energy-rich molecules, and transduce this energy into useful mechanical motion. They operate out of equilibrium and the fuel and product molecules in the environment themselves participate in networks of chemical reactions taking place under the nonequilibrium conditions. For example, many protein machines consume adenosine triphosphate (ATP) fuel, 1 which is itself manufactured through a sequence of reactions in the cell in order to sustain machine operation. The reaction networks that underlie cell function are very complex, comprise many autocatalytic steps, and are maintained out of equilibrium by fluxes of chemical species.
Recently, self-propelled micro-and nano-scale motors have been synthesized and studied. [2] [3] [4] [5] These motors also operate out of equilibrium by a variety of mechanisms and use fuel in their environment to generate directed motion. 6 In many investigations of the dynamics of such motors, an excess of fuel is supplied and the motors move until the fuel is exhausted; bulk reactions involving the fuel and product molecules have not played a significant role in these studies of motor motion. However, even in such circumstances, experiments have shown that motors sense the chemical composition of their environment; for instance, motor velocities are sensitive to trace amounts of certain species 7 and motors have been suggested as devices to detect and consume pollutants. 8, 9 Studies of the dynamical behavior of a motor in an active environment in which cubic autocatalytic reactions occur have shown how such nonequilibrium reactions can sustain a) Electronic address: bryan.robertson@mail.utoronto.ca b) Electronic address: rkapral@chem.utoronto.ca motor propulsion by supplying fuel and removing product. 10 In conditions where the environmental reactions support a chemical wave, interactions of the motor with the wave can change its dynamics. 11 If, as has been suggested, small synthetic motors will find in vivo applications, such as drug delivery devices 12, 13 using bio-compatible fuels, the nature and reactions of chemical species in the environment will play an increasingly important role. These considerations have motivated the present study of nanomotor dynamics in oscillatory chemical media.
In order to investigate how a chemically powered synthetic motor may interact with a reacting environment, we consider a simple autocatalytic network that supports a number of different nonequilibrium states, including steady, bistable, and oscillatory states. Specifically, we consider the Selkov model, 14 which was originally constructed as a simple model for a portion of the glycolytic cycle that exhibits oscillations. This reaction takes place under nonequilibrium conditions and controls the concentrations of fuel and product that the motor uses to produce directed motion. We shall show that not only do oscillatory reactions in the environment influence motor motion but also the reactions that power the motor can also change the local chemical dynamics of the environment, giving rise to new phenomena.
The outline of the paper is as follows: in Sec. II, we describe the model for the chemically powered motor, which operates through a diffusiophoretic mechanism 15, 16 where a self-generated chemical gradient forms the basis for the propulsion of the motor. The Selkov autocatalytic reaction in the environment is also discussed in this section, along with the method used to simulate the dynamics of the entire system. In Sec. III, we discuss the results of the simulations with particular emphasis on the effects that the oscillating chemical environment and a nanomotor have on one another. The conclusions of the paper are given in Sec. IV.
II. NANOMOTOR DYNAMICS AND REACTIVE ENVIRONMENT
The chemically powered motor we consider is a sphere dimer, although the general phenomena we describe do not rely on this specific motor geometry. A sphere-dimer motor is constructed from a catalytic (C) sphere and a noncatalytic (N) sphere linked by a rigid bond. 17 The solvent in which the motor moves contains fuel A, product B, and chemically inert S species, and these three species interact with the dimer spheres through short-range intermolecular potentials within a thin boundary layer surrounding each sphere. The catalytic chemical reaction A + C k M − −− → B + C occurs on the C sphere of the motor. The gradients of A and B species that are created by the chemical reaction, in combination with differences in the intermolecular potentials for the A and B species with the motor spheres (the N sphere in the specific case considered here), give rise to a force on the motor that propels it in solution by self-diffusiophoresis.
The fuel and product molecules also participate in a chemical reaction network in the bulk of the solution which serves to maintain the system in a nonequilibrium oscillatory state. The reaction network we choose is the Selkov model, 14 which was originally used as a simple scheme to describe the oscillations observed for adenosine diphosphate (ADP) and ATP molecules in the enzymatic conversion of fructose-6-phosphate to fructose-1,6-bisphosphate in glycolysis. For our purposes, this reaction network will serve as a generic example of a simple oscillatory system. The reversible Selkov reaction scheme 18 we employ is
where F and G denote species with constant concentrations that act as feeds which maintain the system out of equilibrium. In the absence of the motor, the corresponding mean-field chemical rate laws for the A and B concentrations are given by
where the constant concentrations of the F and G feed species have been incorporated in the k 1 and k −3 rate constants, respectively. For a suitable choice of system parameters, this system of coupled nonlinear equations possesses a limit cycle solution.
A. Mesoscopic dynamics
While the mean-field rate law serves as a guide to help find parameter regions of interest for this work and can provide some insight into some aspects of the phenomena, local fluctuations and spatial inhomogeneity are important and the dynamics of the entire system was followed using a combination of molecular dynamics for the motor and multiparticle collision dynamics [19] [20] [21] [22] for the reacting environment. The simulation method was similar to that described earlier. 17, 23 Interactions of the solvent particles with the dimer spheres occur via repulsive Lennard-Jones potentials,
Here, σ α is the radius of a dimer sphere and r α = 2
(1/6) σ α is the distance to the outer edge of the boundary layer, beyond which the potential is zero; the indices take the values α = C, N and n = A, B, S. The interaction energies of all solvent species with the C sphere were taken to have the same value ϵ CA = ϵ CB = ϵ CS = ϵ, while those for the solvent species with the N sphere were ϵ NA = ϵ N S = ϵ ϵ N B . The catalytic reaction on the C sphere, A + C → B + C, took place whenever an A particle entered the boundary layer around this sphere.
The solvent molecules interact among themselves through multiparticle collision dynamics but, since chemical reactions occur in the solvent, we use the reactive version of this algorithm. 24 In the usual implementation of multiparticle collisions, [19] [20] [21] [22] at fixed time intervals τ, the system is divided into cubic cells, labeled by ξ, with volume V ξ in order to carry out the collision process. Now, however, in addition to the velocity-changing multiparticle collisions within the cells, chemical reactions occur at the collision steps and are governed by probabilistic rules that change the species identities of the particles. We assume an associated Markov process for Selkov reaction scheme (1) with the propensity for the µth bulk reaction (µ = ±1, ±2, ±3) given by
where N ξ n is the number of species n in cell ξ, ν µ n is a stoichiometric coefficient, the combinatorial factor takes into account the number of possible ways a reaction between particles may occur in each cell, and the rate constants are scaled with the cell volume. The probability of a reaction µ occurring first, followed by any other reaction in the time τ, is
where
One may show that this stochastic algorithm will yield Selkov rate law (2) provided the reaction is sufficiently slow that a local Poissonian number distribution is established. 24 The system comprising a dimer motor and a solution was contained in a cubic simulation box with periodic boundary conditions. The parameters used in the simulations were as follows: the motor spheres with radii σ C = 2σ and σ N = 4σ were linked by a rigid bond of length R = 7σ. The N B interaction energy was ϵ N B = 0.1ϵ. The masses of the solvent particles were equal, m n = m, while the masses of the C and N dimer spheres were m C = (4/3)πσ Nρ m, withρ = 11 the mean solvent number density. The system temperature was k B T/ϵ = 0.2. The collision cells used to carry out multiparticle collisions had linear dimension a 0 = σ and the rotation angle used to update the solvent velocities was α θ = π/2. Grid shifting was implemented to ensure Galilean invariance. 25 The rate constants in the Selkov reaction, which yield oscillatory dynamics, were k 1 = 0.000 948 5, k −1 = 0.0001, k 2 = 0.0004, k −2 = 0.0004, k 3 = 0.001, and k −3 = 0.0001. The reactions in the Selkov mechanism in the bulk of the solution occurred in cubic collision cells that were entirely outside the motor's boundary layer. 26 In the evolution of the system, the molecular dynamics time step was ∆t = 0.005t 0 using the velocity Verlet algorithm and the multiparticle collision time step was τ = 0.1t 0 = 20∆t. Results are reported in dimensionless units based on the energy ϵ, mass m, distance σ, and time t 0 =  mσ 2 /ϵ.
III. DIMER MOTION IN OSCILLATORY MEDIA
The simulation of a self-propelled nanomotor in an oscillating reactive medium provides a way to investigate two separate, yet intimately connected, phenomena. First, the reaction A + C → B + C at the nanomotor can be considered a local perturbation of the reactive medium. The resulting disturbance to the A and B concentration fields can modify the Selkov oscillatory dynamics and possibly give rise to more complex spatial structures within the reacting fluid. Second, the oscillatory nature of the A and B chemical concentrations in the environment will change the dynamics of the motor.
A. Effect of the motor on the environment
Before discussing results of the simulations, it is useful to consider a mean-field description of the reaction kinetics of the entire system. Such a description will fail to capture effects due to the local nature of the motor's catalytic reaction, but it will provide insight into how the nanomotor reaction changes the bulk phase Selkov reaction dynamics.
The rate constant k M that characterizes the reaction A k M → B at the C sphere can be written as 27 
, where k m is an intrinsic rate constant and k D = 4π Dσ C is the Smoluchowski diffusion rate constant. The diffusion coefficient can be computed analytically for multiparticle collision dynamics 21, 22 and its value for our system is D ≈ 0.023. The intrinsic rate constant, computed approximately from collision theory, is k m = σ 2 C √ 8πk B T/m. For our system, we find k D ≈ 0.578 and k m ≈ 8.968, giving k M ≈ 0.543, so that the reaction is largely diffusion controlled.
The term k M c A c M must be subtracted from Eq. (2a) and added to Eq. (2b) to account for the motor reaction. Here, c M is the motor concentration. Since there is one motor in the simulation volume, c M = V −1 . When considering the solutions of the resulting mean-field rate laws, we fix all rate constants to the values given earlier and regard the system volume V as a bifurcation parameter. More generally, the bifurcation parameter can be regarded as the motor concentration in a system with fixed volume. The steady-state solutions of the mean-field equations, c 
and their stability can be determined from the eigenvalues corresponding to the linearized version of Eq. (2) (with the additional motor reaction terms present),
Here, δc
3
, while the mesoscopic simulation still indicates a (noisy) stable fixed point. In the limit of an infinite volume, corresponding to zero motor concentration, the limit cycle approaches that of the Selkov model. While there is qualitative agreement between mean-field theory and simulation, there are discrepancies in the location of the Hopf bifurcation and the steady-state and limit cycle values, as can be seen in the figure. Such discrepancies are expected in view of the local nature of the motor reaction and the important influence of local fluctuations on the dynamics.
Since mean-field theory does not provide information on the creation of spatiotemporal structures within the solvent caused by the dimer, through simulations, we next examine the local A and B concentration fields, relative to the instantaneous position of the motor's C sphere, (c A (r,t), c B (r,t)). , and phase-space trajectories, (c A (t), c B (t)), for various system volumes for a system containing a single sphere-dimer motor. The dashed and solid lines are the simulation and mean-field results and the groupings of small dots and filled circle denote stable steady-state concentrations for the simulation and mean-field results, respectively. A (r, t), c B (r, t) ), for different radii r from the C sphere over the course of one oscillation. The data have been averaged over 120 cycles and 15 equidistant time intervals. The linear dimension of the simulation box was L = 40.
FIG. 2. Phase-space trajectories, (c
shows that there is a significant change in the phase-space plots of the limit cycle as a function of distance from the C sphere. 28 Close to the motor's C sphere, the catalytic reaction consumes fuel A and produces product B. This suppresses the amplitude of the oscillation in c A and increases that of c B at the outer edge of the boundary layer. Farther from the C sphere, the shape of the limit cycle is similar to that in Fig. 1 .
The plots of c A (r,t) and c B (r,t) as a function of time for various values of r in Fig. 3 show that the phase of the oscillation changes with distance from the C sphere. The oscillation phase differs by approximately one-fifth of the cycle time, τ c , between the closest and the farthest radial shells. Consequently, there is a wave-like structure to the concentration profiles in the frame of reference of the motor. The average diffusive displacement of solvent particles in the time τ c is given by the diffusion length, l D = √ Dτ c . Using the period for one cycle as the time scale, τ c ≈ 16 325, and the value for D given earlier, we find l D ≈ 20. Thus, except for the smallest system sizes, such spatiotemporal structure will be induced by the motor. These results demonstrate that the motor can change its environment in important ways when motor reactions couple to complex nonlinear reaction networks in the environment.
B. Effect of the environment on the motor
As discussed earlier, the sphere dimer is propelled by a diffusiophoretic mechanism. 15, 16 Since the interaction potentials of the A and B species with the N sphere are different, the self-generated gradients of these species, produced by reaction at the C sphere, give rise to a force on the motor directed along its internuclear axis. Since the net force is zero outside the boundary layer, momentum conservation leads to fluid flows in the system and is responsible for its directed movement. Theoretical expressions for the sphere-dimer motor velocity under steady-state conditions have been derived and depend on the solutions of the reaction-diffusion and Stokes equations with suitable boundary conditions on the motor that account for reactive fluid flows. 29, 30 The continuum theory for an oscillatory medium has not been carried out and we shall rely primarily on motor velocity results obtained from mesoscopic simulations of the dynamics.
The average motor velocity, V z (t) = ⟨ẑ(t) · V(t)⟩, wherê z(t) is the instantaneous unit vector along the dimer bond, directed from the N to C spheres, is plotted in Fig. 4 . Since the fuel and product concentrations oscillate as a consequence of the bulk phase Selkov kinetics, the observed oscillation in the motor velocity is to be expected. This was anticipated from previous studies on other types of motors, where oscillations in the velocity were observed when nanomotors were exposed to FIG. 4 . The time-dependent average motor velocityV z (t) (red, right ordinate) and propulsion force F p (t) (blue, left ordinate) over the course of one oscillation. The averages were performed over 120 cycles and 15 equidistant time intervals.
periodic heat pulses or particles were periodically produced in the motor reaction. 31, 32 In our case, the precise form of the time dependence, or even its existence, is not completely obvious since the motor changes the nature of its local environment, as we have seen.
The sphere-dimer motor velocity is proportional to the propulsion force that drives the motion, 30 which can be expressed in terms of a surface average involving the concentration fields. Starting with the microscopic expression for the total force on the motor, 17 the propulsion force, F p (t), may be written as
with µ =ẑ ·r α = cos θ andr C andr N are the radial unit vectors centered at the C and N spheres. Assuming that the total density, c 0 = c A + c B + c S , is independent of the polar angle of both the N and C spheres and using the fact that in our simulations Λ CA = Λ CB = Λ CS and Λ NA = Λ N S Λ NB , the propulsion force takes the simple form,
The concentration c B (r N , θ,t), that enters in the expression for C NB (t), along with c A (r N , θ,t) is plotted in Fig. 5 for several values of t in the cycle. One can see the strong changes in concentration as θ varies on the surface of the boundary layer on the N sphere. Using these results to compute C NB (t), we can determine the propulsion force as a function of time in the limit cycle. The propulsion force obtained in this way is plotted in Fig. 4 (left ordinate) . The proportionality between the propulsion force and the motor velocity, both of which are time-dependent, is seen in this figure. The ratio F p (t)/V z (t) = ζ(t) ≈ 370 yields an effective, approximately time-independent, friction coefficient, which differs from simple Stokes friction.
The mean-squared displacement (MSD) of the motor is a useful quantity to examine since it allows one to characterize the ballistic and diffusive regimes of motor motion and can be used to determine how directed motion changes the motor diffusion coefficient. 33, 34 We now investigate whether the oscillatory dynamics in our system has a marked effect on this quantity.
The MSD can be computed from a knowledge of the velocity correlation function,
The instantaneous velocity of the motor can be written as a sum of its mean and thermal fluctuations about the mean. Because the mean velocity of the motor is itself an oscillatory function, we can write V(t) = (V z + AV z cos(ωt + φ))ẑ(t) + δV(t), wherē V z is the average motor velocity over one cycle, AV z is the amplitude of the oscillations, ω and φ are its frequency and initial phase shift, and δV(t) accounts for fluctuations. 
where χ = τ −2 r + ω 2 −1 . The quantities that enter this expression can be determined from the simulation and are given by AV z ≈ 0.001,V z = 0.0038, ω = 0.000 385, τ r = 6800, and τ v ≈ 10. Figure 6 shows the MSD determined directly from the simulation and compares it with the above theoretical expression. The result for an inactive sphere dimer with no propulsion is also shown for comparison. Three regimes are easily discerned in the MSD for the dimer motor: a short time ballistic regime characteristic of thermal inertial effects for times smaller than τ v , an intermediate ballistic regime characteristic of propulsion for times less than τ r , and a long time diffusive regime for times greater than τ r . The inactive dimer exhibits only the first and last regimes, where the value for the velocity relaxation time is similar to the propulsive case. Comparing the bare diffusion coefficient D 0 = 0.000 66 of the inactive dimer to the enhanced diffusion coefficient
.034 of the active dimer, we clearly see an enhanced diffusion in the case of motor propulsion; however, because of the small value of the amplitude AV z , the ∆L 2 o (t) oscillatory term has a negligible contribution to the overall MSD for our system. The simulation results in Fig. 6 are well described by ∆L 2 (t) = ∆L 2 t h (t) + ∆L 2 prop (t), so while the MSD provides useful information on the motor dynamics, it is not sensitive to the oscillatory dynamics for our system parameters.
IV. CONCLUSION
While the dynamics of chemically powered nanomotors have been studied often under steady-state or quasisteady-state conditions, we have shown here that new features arise when such motors move in a chemically active environment. When the solvent species participate in a network of nonlinear chemical reactions occurring under farfrom-equilibrium conditions, complex system states, such as bistable, oscillating, or even chaotic states, are possible. If the fuel and product species involved in motor catalytic reactions also participate in this reaction network, then the dynamics of both the motor and the solvent can change in nontrivial ways. In order to explore the phenomena arising from interactions between a chemically powered nanomotor and a far-from-equilibrium reaction network, in vitro experiments in continuously fed unstirred chemical reactors may be carried out. In such reactors, the chemical medium may be maintained in specific nonequilibrium states and the dynamics of both the motor and the surrounding medium may be monitored.
Our study of the interactions between a sphere-dimer motor and an oscillatory reaction has shown some of the ways the behavior of the motor and chemical fields may be modified. Other domains of the Selkov model or chemical networks exhibiting different types of complex states may lead to even more drastic changes when the motor interacts with its environment. For example, if the system lies near a bifurcation point in a bistable system, the reaction at the motor could cause the local environment to change states. A similar phenomenon, in a slightly different context, has already been observed experimentally for Janus motors in a binary fluid mixture near its consolute point. The Janus particles were driven by a diffusiophoretic mechanism, whereby light induced local asymmetric heating causing local demixing of a binary fluid in the vicinity of the motor. 35 Since in vivo applications of synthetic nanomotors 12, 13, 36 will certainly involve motor dynamics in chemically active media, knowledge of how the motor and its environment mutually influence each other is essential. Since there is evidence for self-propulsion even on the molecular scale, 37, 38 it is also possible that synthetic motors could find applications within the cell. In this circumstance, the motor will have to operate in the presence of a very complicated reaction network, providing additional stimulus for investigations of the sort presented here. The interactions of nanomotors in complex reactive media have largely been unexplored and offer an intriguing avenue for further research.
